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Abstract 

We study different deletion algorithms in a simple implicit data structure that had already 
known O(lo(l n) worst case time for sea.:rche• and insertions. Experimental resulta shows that 
the dominant term in the deletion cost is "the number of moves, giving a time complexity of 
O(log3 n). 

1 Introduction 

Bentley et al. [1) introduced a simple implicit data structure based in sorted lists. They store a set 
of fl elements in fl consecutiva storage locations which are viewed as rlog(n + l)l or fewer sorted 
lists. 1 There is one list of length 2¡ for each i such that the ~·th bit of the bina.ry representa.tion of 
n is l. 

In this work we summarize known resulta of thís structure a.nd we discuss the applica.tion of this 
structure to the dictionary problem, in particular to support deletions. We use the RAM model, 
counting comparisons and movements of data values. 

2 Search and Insertion 

Usíng binary searches we have a. log2 n/2 worst case search algorithm. If the lists are searched in 
decreasing order of size, we have a 2log n comparison algorithm on the average [1]. 

Inserting an element requires only the addition of a list of size l. If there is already a list of 
size 1, the two are merged into a list of size 2. This process continues as long as possible. In the 
worst case, an insertion produces at most log n merges, and then O(n) comparisons and moves in 
the worst case. However, any sequence of n insertions requires a.t most n log n/2 comparisons and 
the same number of moves. That is, the arnortized worst case of n insertions is O (log n) time per 
insertion [1). 

"This work was supported by the Institute of Computer Research of the University of Waterloo and by the 
University of Chile. 

1 Alllogarithms are in base 2 
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If we spread out the merging cost between n insertions, and we maintain at the same time 
O(logn) searching in ench líst, wc have a O(logn) "'V'Drst case bound per inaertion with a more 
complicated algmithm [4]. 

Hence, we ha ve a st:ructure t.hat sappcrts ineertions in O(log n) worst case time and searches 
in O(log2 n) worst case time and O(log n) average case time. Given the sirnplícity of the structure, 
this rcsult is very interestÍ1lg compared with the current best irnplicit structure for the díctionary 
prGblem, that snpports the same operations and deletions in O(log2 n) worst case time [3]. 

3 Deletion 

Proposed Algorithm 

In [l] a few apprcaches te deletions were suggested. For example, fiagging elements. However, thia 
irnplies 1 extra bit per element (that is, the structure ís not implicit any more) anda small increase 
in run-time. In [4] a different approach wa.s suggested. If we use a redundant binary system (with 
the digits O, 1, and 2, where 2 means 2 lists of that size) we can guanmtee that there is always 
at least one !ist of each possible size. We can see this as having the elements represented in 2 
structures, an adding (bitwise) the number of elements of -each ~tructurs we get the redundant 
binary code. In general, there is more than one representation ín this encoding for each number. 
-#e use the one that does not have any O digit. The algor\thm for a delction is 

Delete( a, x ) 
:Sorted_list ~· 
Elsment x; 
e 
"\. 

} 

Fi:n.d ~nd remove x~ this l~aves a hole in a list \:ith 2**r €lements 
íor( i = r-1; i >O; i = i-1 ) 
{ 

Find a[k] < x < a[k+1] in a list of size 2**i 
·-iiepl<'!:<}e ·x·in.list :.:•- by a{k} or.a(k±l-l an.d.. re.<Jrder the"'lis.t ... 

x a [k] or a [k+1] 

i 

If there ís no list.s of length 1; initíate a sequence of "unmerges" 
analogous -e o the rr1erges required by, an ínsertíon 

Clearly, we have three different costs. First, the searching cost to find x. This will be O(log2 n) 
comparisons. Second, the moves and comparisons to "unmerge" if at the end of the deletion no 
lists of size 1 exists. Using the same idea. when inserting, we spread out the cost of the unrnerges, 
having an O(log n) worst case cost for "unrnerges". Here, we will have lists being unmerged and 
lists being merged. In sorne cases, an insertion will transform a list in an "unrnerging" state to the 
normal state. The sarne with deletions, and a list being merged. To keep these states we will need 
2 other digits, however, we still need only O (log n) bits to represent the structure. 
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Note that the "unmerge" cost :is independent of the sequence of replacements used and the cost 
of searching :¡; is independent of the algorithm used to·replii.Ce :~:. Hence, these costs will be always 
O{log2 n) in the worst case and we will not discuss them any more. 

Finally, we have the moves and comparison:s to find the replacement elements and to replace z 
and reorder the lists. This is the interesting cost. 

We will concentrate our analys:is into the number of moves. Clearly, in the worst case, the 
number of moves :is O(n). What about the average? We can divide the number of moves in two 
parts. The first one, or basic moves (Mb) will account for all the replacements. In the worst case 
and in the average, we have O(Iogn) replacements in the proposed algorithm. The second part, will 
account for all the moves necessary to reorder the lists (intemal moves, M;). The analysis for this 
quantity is not trivial. Jf we assume that the d:istribution in all the lists remain uniform, we would 
expect 1 or 2 extra moves per list, giving a O (log n) time on the average. However, experimental 
results does not support th:is assumption [2,4]. 

The number of comparisons needed to find the replacements Cr depends on the algorithm used, 
and will be analyzed la.ter. The number of comparisons needed for the reordering (O o) will be 
proportional to the number of moves. More specifically 

M; 5 Ca 5 M; +2Mb 

because we have one compar:ison for each interna! move performed, and in the worat case, we have 
2 test compar:isons for each basic move. 

Replacement Heuristics 

The first :issue in the given algorithm, :is how to replace %. Jf we have more than one list of the 
same size, we have 2 obvious choices: 

l. Random choice of one of the l:ists 

2. Choose the list that provides the closest element to z 

Obviously, the second choice will be better, and only increases the search time by at most a factor 
of.2. 

Suppose that wehave.now only one list. If we have two choices for replacing z, which one we 
use? We look at 4 posSible alternatives: 

l. R.andom: We flip a coin to choose which element we use. 

2. Altemation: We altemate between· the right and the left element. 

3. Closest: We choose the one closer to z. That is, the one that minimizes the absolute difference 
between :~: and the element. 

4. Nearest to one side: We choase· the one that :is nearest to one of the ends of the list. The 
idea :is that {hopefully) if we have to replace the mínimum or the maximum of a list, the 
probability of reordering will be smaller. 
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Figure 1 shows the experimental resulta for upda.te cycles (see next section) for n = 211 - 1 = 
2047 elements. Clearly, the closest heuristic outperforms all the others, and the last heuristic 
(surprisingly) is the worst one. In the following, we use the closest element heuristíc unless we 
explicitly state something different. 

Update Cydes 

In the following, we assume that n is of the form 2k - 1 (the basic problema are captured without 
loss of generality) and to measure the number of moves we will consider a sequence of updates 
(deletion/insertion pairs). We delete a randomly chosen element and we insert a ?andom value 
from a uniform distribution in the range [0 .. 1]. For this type of n, the inaertion is very simple, 
because after the deletion there is no list of size 1. 

In this case, we have exa.ctly k- 1 basic moves in the worst case, and 

- k-l i 2' k 
Mb = L-=k- 2 +- = log(n + 1) + 0(1) 

i=l n n 

on the average. We will use this measure to check our empirical results. In the worst case, the 
nurnber of interna.! moves is bounded by . 

O :S: M; :S: n - k = n - log( n + 1) 

The analysis of the expected number of interna.l rnoves is not simple, even for th"' fi:rst update. In [4] 
a símpie analysis gives 4/5 (log(n+ 1)- 2) interna! moves fJr the first update, and the experimental 
resultB supported the hypothesis that the coruJtant was 1/2 instead of 4/5. 

Experimental resulta in [2,4] showed that the average number of interna! moves was not logarith­
mic anda bound oflog2 n/2 was conjectured. The structure seemed to converge after O(n) updates 
to a non-uniform distribution, where clusters of elements appesred. Figure 2 shows the change in 
the distribution variance (initia.lly uniform) for the liats of size 16 to 1024 for n = 2047 with severa! 
vpd_~t_es_._ CJearly, _thedistribution is less uniform for small lists:. The number of updates necessary 
to reach the stabie distribuÚ~~i;-;;pproximate(y 3-ñ ¡j_ndafte-r tfí.a-Csma11-oscillat!oñsc6Iit1iíiíe to 
exist. 

Exad A:nalysis for Small n 

For t. he 1l.nalysis we distinguish each possib!e configura.tion of the lists using only the ranks ( not 
the values) of the elements, and we associé.te each configuration to a state in a Markov chain. For 
example if n = 3, the possible configurations are [(1, 2)(3)], [(1, 3)(2)], and [(2, 3)(1)]. For example 
[(1, 2)(3)] means that the elements of rank 1 (mitümum) a.nd 2 are in the list of size 2, and the 
maximum element (rank 3) is in the list of size 1. If we have more than one list of each size, then 
we use a lexicographical order on those lists. Because each iist is sorted and each element has a 
unique ra.nk, ea.ch list must be an ascendant sequence of ranks. For n = 2k - 1 the total number of 
configurations is 

n IT L....,=<+l ( ) 
k-2 (n _ "~-1 zi) 

2k-1 i=l 2i 
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·'\\ hen we d<Jlete l>n element, we delet<> it~ :.:ank from the configuration and we rank the remaining 
elem~o:1ts · again. If we ha ve that 2 choices are possible for a replacement, and both ranks are at the 
samr¿ distance to x, we assign the same proba.bility to ea.ch element (:t/2) of beíng the closest one. In 
the case of = insertion, we append a singleton, and we rank itll t.Le derr,sllts !'!gaín. Ea.ch possib!e 
ra.nk of the new singleton is equa.lly likely, beca.use the ove:ra.H distribution of all the elements is 
a.lways uniform. 

For example, if we delete the element of ra.nk 3 from [(2, 3)(1)] we obta.ín [(1, 2)()]. Now, if 
we insert a big element, we obtain [(1, 2)(3)]. Figure 3 shows the Ma.rkov chain for n = 3. The 
solution in this case is very easy. In the steady state of the Ma.rkov chain (that is, asymptoticaily 
in the number ofupdates), the probabílity ofbeing in each state is the same (1/3). In all the staí;es 
with probability 2/3 we have a basic move and in sta.tes l and 3 with probability 1/3 we have am 
interna! move. Tb.¡~ gives an average of 2/3 basic moves and 2/9 interna! moves per update. 

[(1,2) (3)] State 1 

";;/ \\' 
[(1,3) (2)] State 2 [(2,3) (1)] St~.te 3 

~~ 
Figure 3: Markov cha.in for n = 3. 

Ta.ble 1 shows the expected numbe:r of moves for n < 8 with the experimental results between 
parentheses. In sorne cases we give real numbers beca.use the fr&etional values are too long to be 
printed. 

Number Binary 
n of Redundant Basic Moves (Mb) Interna! Moves (M;) 

S tates Code 
3 3 11 2/3 (.667± .001) 2/9 = .22 (.2223± .0001) 
4 6 12 1/2 5/52 = .096154 
5 15 21 4/5 4/15 = .26 

lo 45 22 2/3 .140665 

1~ 105 111 10/7=1.42857 (1.429± .002) .58253 (.5984 ± .0003) 
420 112 

Note that the number of moves is not monotonic between n = 3 and n = 7 (but it is monotonic 
in n of the form 2.1:- 1). Also, the experimental results (95% coníidence interva.l, 100 runs, 50000 
upda.tes) are in good a.greement with the analysis. 
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Figures 4a and 4b gives the experimental results for different k and different number of updates. 
Figure 5 shows the asymptotic expected number oí basic moves and the theoretical results; the 
agreement is perfect. Figure 6 shows the a.symptotic expected number of interna! moves. A least 
squares approximations in a model of the form a(log"'(n + 1)- 1) gives x = 2.8617 anda= 0.0184 
using 14 values. The error is approximately 0.717. Insluding lower order terms, we found that a 
rnodel of the form 

(alog2 (n + 1) + b)(!og(n + 1) -1) 

was better {note that a.gain we have only 2 parameters). In fact the error was only 0.103, giving 
a = 0.0127 and b = 0.209 (this curve is also given in Figure 6). Then, we have 

This snggests that the number of interna! moves per list is O(log2 n). Therefore, the number of 
interna! moves is the dominant cost (asymptotically). The constant of the dominant term is so 
srnall that the number of comparisons to find the replacements, 

C, = log2(n + 1}/2 + O(log n} 

is bigger than M¡ for n < 4 X 1011• The overall cost for this deletion algorithm jg O(log3 n) moves 
and cornparisons. 

Improving the number of interna! moves 

If the interna! moves are the dominant cost, what we really want is to rninimize the number of 
interna.l moves to remove the singleton. In general, the optima.l sequence of replacements depends 
on the current state of the data structure. For that reason, we are using a heuristic that will try 
to work well for almost all the cases. 

In the closest heuristic is implicitly assurned that a good sequence of replacernents must look 
each time to the next sma.ller list. However, in general this is not true. May be, the optimal 
sequen ce (in the sense of minirnal number of interna! moves) is to go to sorne list, and then go back 

· on6 and so on see Fi ure 7, case a). Also, it is possible tha.t the optimal sequence visits 
a list more than once (see Figure 7, case b) or does not vis1t a 

,¡,. ~ (\ .V 
[1 3 6 7] [2 4] [6] [1 6 6 7] [3 4] [2] 

~ ~ 
Case a Case b Case e 

Figure 7: Exa.mples of optimal sequences of replacernents. 

Intuitively, on the average, the closest heuristic seems to be a good approach. However, we ha ve 
only a 50% chance that the closest element is in the next list rather than in all the others smaller 
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lists (asauming a uníform distribution). One way to increase this chance, it is to look to the closest 
in all tbe smaller lists and then use that element: The drawback, is that now the complexity of 
the searches is O (log8 n) and we are looking for something better. One compro mise between both 
schemas, it is to look at the 2 next smaller lists for the replacernent element (that is a 75% chance 
to find the closest one). This introduces at most a factor of 2 in the searching time and hopefully 
will give a more stable behavior to the structure. This seems to happen based in the experimental 
results. Now, approximately only 2n updates are needed to reach the stable distribution and the 
oscillations that persist seems to be smaller. The period of the oscillations also seems to be shorter. 

Suppose now, that the replacement element (the closest of 2 lists) is in the next list with 
probability p, and with probability 1 - p in the next one. If the distribution were uniform, we 
would expect p = 2/3. However, in general, p depends on n, and on the size of the current list. 
Hence, the expected n~ber of replácements, if we delete an element in a list of size 2;, is given by 
the recurrence 

T(j) = 1+pT(j -1) + (1- p)T(i- 2) 

with T(1) = 1 and T(O) = O. The solution is 

j 1-p . 
TU)= p- 2 + (2- p)2 (1- (p- 1)') 

. Then, the expected number of basic moves is given by 

_ ~ . 2' 2p2 - 1p + 6 9- 9p + 2p2 0 (log n) 
M&= ~T(•)-;= (3-2p)(p-2)2log(n+1)+ (3-2p)(p-2)2 + -;;-

For p = 2/3 we have 3log(n + 1)/4- 21/16+ o(1). 
The same Markovian analysis for n = 7 (in th'e other cases there are no differences) gives 

M&= 1.21101 and M¡ = .50284. This approach minimizes the number ofinternal moves for this 
n, however does not minimizes the total number of moves. In fact, if we aiways use the singleton 
as.the replacement element, for n = 7, we have Mb = 6/7 = .85714 and M¡ = 2/9. For small n 
this heuristic is better and we will use this fact ahead. 

The analysis for n = 7 suggests a value of p 1'::1 .E?2 for this case instead of 2/3. However, the 
experimental values Mb = 1.262 ± .006 and M; = .5332 ± .0009 indicates a value of p 1'::1 • 71. For 
bigger n, p seems to a.pproach 2/3 (see Figure 5 for the experimental and theoretical curve with 
p = 2/3). Figures 8a a.nd 8b shows the experimental resulta. The asymptotic values for the internal 
moves are ahown· in Figure 6. 

For a model of the form alog"'(n + 1) we obtained X= 2.575 a.nd a= 0.0247 with an error of 
0.458. Using amodel ofthe form (alog:!f2(n+1)+b)(log(n+1) -1)'we obtain a much smaller error 
(0.021) with a = 0.0308 and b = 0.0714 (this curve is shown in Figure 6). Hence, the dominant 
cost is still the number of moves, but the complexity is now 

M;= 0,031log512(n + 1)- O(log812 n) 

This suggests iha.t the number of mÓves in each list is O(log812 n). The number of comparisons 
Cr = log2(n+1)+0(log(n+1)) is biggerthan thenumber ofinternal movesfor n <3 X 10884 (!!). 
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Improving the overall cost 

An optimal algorithm in the number of comparisons will be any method that does not search íor a 
replacement element. For example, to use always the singleton to replace the hale. In general, this 
is not a good ide<., because the number of interna! moves is then linear on average. Considering the 
singleton as a randorn e!ement te be inserted in a uniform distributíon, we have that the number 
of intemal moves in a list of size s is 

1 ' l '"( \ - .. V i '\' 1' '1 - S -1v1 s¡-- L.--- L.- t- 1 - --
s,s+li" 3 

where i are al! possible positions for x, and J are al! possible positions for the singleton. The 
expect.ed number of interna! moves is then 

k-1 .-,i M(2;) n- 1 
!ti; = )__;~ 

i:::::Z 
n 9 

ExperÜTtenLaJ results are in good agreement vrith_ thü~ fr!rmula. Both cnrvnB are ;_¡~l.:;~?l:n in Figure 6. 
If we use a cost function of the form 

we rnay fir.~.d a hybrid algorithrn that optimizes t,hi;:; cosL 3upp8--~ ~.t -= j3 ::::- !~1 that cass, the 
overall cc;st of ~he dumb algorithm is better for Sii1aU n. BaE.:d. ::m. '2lnpitical !>7s:.L~t.s the dlJmb 
algorithm ie better thF ... n the o-r1.gir...?J dcletioY~. a.~g:,.:;rit.hrri :~:T n < 2.00 :Ea..::;ed in -~he 
empirica.l rnod.eis and our anal.?":sis the overaü cost f•):t the Jrigin2.l :algc;rith~:. ¡,~ Det~.-:r t-... c..n ti e :Je~N 

a.lgorithrn proposed for any n < 1 X 1017. Jisnce, fo}~ p:-::t,:~ticai. ,;>¡1uee c.f ~· the. orig~L;;:¡,1 a1gc~i::;\n1 
runs faster (se-e Figure 9). 

4 Final Rema:rks 

For large n, v¡e can corr1bine all the di!ferent ide~s preser:_ted in :,his pap,er, YoT 

the biggest number of internal moves~ on average1 "\Vill be in the biggt.:st :ist. Hence, wh:y not. t.ry1ng 

to find the closest one on the next 2 lists Ín th.at case? ¿\]so¡ i[ v.re ars deleting from a small listl 
why not using the singleton element for the replacement. All these decisions will depend on the 
application. 

For implementation detaiis we refer the reader to [1]. A simph non-implicit imr,lementation 
(but still using less space than a search tree o:r other dassíc dictionary structure) is t.o use a ta.ble 
of pointers of sizc O (lag n). The total space is then n + O (log n). 
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